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The value distribution of I--invariants for imaginary abelian lields (and for a 
fixed prime number p) will be studied. “11 1987 Academic PXSS. inc. 
Let p be a prime number and let Z, denote the p-adic integer ring. For 
each finite algebraic number field k, we denote by i,(k) the Iwasawa 
A-invariant attached to the basic Z,-extension k, over k. 
Let j be the complex conjugation of the complex number field @. Sup- 
posing, in the following, all (finite and infinite) algebraic number fields to 
be contained in c=, we shall say that an algebraic number field K is a j-field 
when K is invariant under j, i.e., Kj = K, and when sj= js on K for every 
isomorphism s of K into C. Then K is a j-field if and only if K is either a 
totally real field or a totally imaginary quadratic extension over a totally 
real field. By a CM-field, we shall mean as usual a finite imaginary j-field. 
An abelian field, namely, a finite abelian extension over the rational 
number field 62 is a typical example of,j-fields. 
Let k be any finite j-field. We then put 
/I,-(k)=&(k)-Iti,,( 
where k+ denotes the maxima1 totally real subfield of k. In this paper, we 
shall study the value distribution of A;(k) in the case where k ranges over 
imaginary abelian fields. If k is a CM-field, then we denote by s,(k) the 
number of primes of (k+), lying above p and decomposed in k,. Further- 
more if k is an abelian field, then we write fk for the conductor of k. 
Throughout the paper, let N be a fixed natural number and let us also fix 
the prime number p. An outline of the paper is as follows. For each x > 0, 
let c(x) denote the number of cyclotomic fields with conductor d x and 
c*(x) the number of cyclotomic fields k with fk <X such that A;-(k) 3 A’. 
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We shall show, in the first part, that the ratio c*(x)/c(x) converges to 1 as 
x goes to infinity: 
c*(x) 1. 
.kEc c(x) = 
More precisely, it will be proved for any E > 0 that 
as x --t cr;), where the large order 0 depends on E (and on p, N). This is a 
consequence of asymptotic relations in analytic number theory and of the 
well-known result of Iwasawa [ 111 that A;(k) as,(k) holds for every 
CM-field k. In the second part, we shall see from a theorem of Yamamoto 
[18] that there exists a compositum K of N imaginary quadratic fields 
satisfying s,(K) = 0 and A; (K) > 2N. In the last part, we shall discuss the 
range of values A;(k) for imaginary abelian fields k. Let S be the finite set 
of natural numbers of the form a + (p - 1) b with rational integers a, b such 
that 1 < a <p - 2 and 0 6 b < a - 1. Then, by means of Kida’s formula (i.e., 
the so-called Riemann-Hurwitz formula for X-invariants; cf. [ 131) we 
have the following result: for an imaginary abelian field k, A; (k) is not in S 
if p divides [k, : Q, J. Furthermore, in the case p 6 7, owing much also to 
the tables of Gold [6], we can see that a rational integer n 2 0 is not con- 
tained in S if and only if there exist (infinitely many) imaginary abelian 
fields k satisfying 1; (k) = n and p /( [k, : Qm]. At least (in the case where 
p is odd), it will be verified that, for any rational integer n’ 3 0, there exist 
infinitely many imaginary abelian fields k of degree 2p with 
A,(k)=n’(p- 1). 
We denote by J the Galois group of UZ over the real number field [w: 
J= { 1, jl. In general, for each J-module IV, we let 
M- = {WEM ( w’=w-1). 
Of course, by J-module, we mean an abelian group on which J acts. For 
any j-field K, let CK denote the ideal class group of K and AK the p-primary 
component of C,, so that J acts on C, and A, in the obvious manner. 
With k any finite j-field, let k, denote as before the basic Z,-extension over 
k, which is also a j-field. It is known that A;(k) equals the rank of the 
maximal divisible subgroup in A;=. We let hk denote the class number of k; 
hk= IC,I, let h, = ICJ, and put 
/q(k) = pLp(k I- pLp(k + L 
where pP(k) and p,(k+) denote respectively the p-invariants attached to 
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k,/k and (k+),/k +. As for the foundation of Iwasawa theory, the reader 
is referred to Iwasawa’s own works such as [9-111 and to the paper of 
Ferrer0 and Washington [3] which has shown that pJk) =0 for every 
abelian field k and, in particular, that A;(k) is the rank of the divisible 
group A&j= (A;7,)2: 
as groups, where Qp, denotes (the additive group of) the p-adic number 
field. It follows from [9] that ;l,(Q) =0 so that A;(k) =I,(k) for every 
imaginary quadratic field k. 
Throughout the following, Z and N denote the rational integer ring and 
the set of natural numbers, respectively. An element of Z will be called, 
simply, an integer and hence that of N a positive integer. For any ring R 
with unity, Rx will denote the group of all invertible elements in R. Now, 
let F be any algebraic number field. We denote by E, the unit group of F. 
We let Gal(K/F) denote, for any Galois extension K over F, the Galois 
group of K/F and NFIF, for any finite extension F over F, the norm map 
F --t F. An abelian field k will be called a cyclic field if Gal(k/Q) is cyclic. 
We shall use the Euler function 40 and the Kronecker symbol (- ). 
Let od, denote, for each m E N, the cyclotomic field of mth roots of unity. 
Let C be the set of all cyclotomic fields, i.e., C = {K,; m E N}, and C* the 
set of cyclotomic fields k such that 2; (k) 2 N. 
Now, take any subset S in C. For each x > 0, we let S(x) denote the set 
of cyclotomic fields in S with fi <.Y, so that S(x) = S n (W,; m E N, d x}. 
In particular, 
c(x) = IC(.u)l, c*(x) = lc*(x)l. 
Note that 
c(x) = ix + O( I), for x > 0. 
If IS(x)l/c(x) converges as x + co, then we define 
IS( d(S) = lim -, 
x-a> c(x) 
and call this the density of S in C; otherwise the density d(S) is not defined. 
It follows that 0 <d(S) < 1 whenever d(S) is defined. Obviously d(C) = 1, 
whiIe d(F) = 0 for every finite subset F in C. 
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We can now state one of our results as 
d(C*) = 1. 
For the proof, we need two lemmas. Let us first prove the following: 
LEMMA 1. Let m be a positive integer f 2 (mod 4) divisible by a prime 
number q #p for which the order of p (mod q2) is odd. Then 
n,(w,)>2P-2, 
where p is the number of prime numbers dividing m and different from p. 
Proof. We first note that, for any odd prime l#p, the order of p 
(mod I’) is odd if and only if the order of p (mod 1) is odd. Let t be the 
non-negative integer such that p’ 1) m. The assumption implies that there 
exists an intermediate field F of K,,P,/K2, with Gal(F/K,f,) z (Z/2Z)P-’ 
and that the primes of 06; over p are decomposed in 06,,. Hence the 
primes of F’ over p are decomposed in F. Furthermore, since p is 
unramified in F, the number of primes of F+ over p is not less than 2P-2. It 
then follows from [ 11, Sect. 11.71 that 
l,(F)>s,(F)>2”-‘. 
This shows the inequality stated in the lemma. 
Let PO be the set of prime numbers q such that q fp and the order of p 
(mod q2) is odd. For each x > 0, let B(x) denote the number of positive 
integers d x not divisible by any prime number in PO. 
LEMMA 2. Let E be any positive number. Then 
as x + co, where 0 depends on E. 
ProoJ: For each n E N, let P, denote the set of prime numbers q such 
that q fp, 2” II q(q - l), and p is a 2”th power residue (mod q2). Then an 
odd prime q’ belongs to P, if and only if q’ is completely decomposed in 
W,.( 5) but not completely decomposed in K2”+l. It also follows that 
PO= (j P,. 
n=l 
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Taking a positive integer v with 
we denote by D(x), for each x > 0, 
divisible by any prime number in 
theorem (cf. [17]), 
the number of positive integers d I not 
u;=, P,. According to Tschebotareffs 
c $=(i $) loglogx+O(l), as ,x-+co, 
q<r n=l 
the sum taken over all prime numbers q < x in U; =, P,z. Hence, e.g., by 
Corollary 2.3.1 of [7], 
Remark 1. Actually, in the above, a calculation by analytic number 
theory shows that 
where n is a positive number independent of x. 
THEOREM 1. For any E > 0, 
as x + 00, with 0 depending on E. In particular, 
d(C*) = 1. 
ProoJ: Take a positive integer r such that 2’ 3 N. Let n(x) denote, for 
each x >O, the number of positive integers < .Y divisible by at most r 
distinct prime numbers. Lemma 1 then implies that 
c(x)-cC*(x)6B(x+71(x), for .u>O. 
However, as is well known, 
x(log log x)‘- ’ 
( 
x(log log x)+ 2 
n”(x) = 
(r-l)!logx +O log x > 
(cf. [ 163). The theorem follows, therefore, from Lemma 2. 
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Remark 2. In the case p = 2, we have further 
c(x) -c*(x) = 0 ( x(log log x)” - l log x ) ’ as x+co, 
where n is the minimal positive integer such that 2% b N. For the proof, 
see, e.g., the formula (II) in [Il4]. 
COROLLARY 1. Let P be any finite set of prime numbers and C’ the set of 
cyclotomicfields k such that A,(k) > N for all v in P. Then the density of C’ 
in C is equal to 1: 
d(C’) = 1. 
Proof. Indeed it follows from Theorem 1 that, for any E > 0, 
as x+ 03. 
We give, in addition, another proof of the corollary by using the 
following lemmas. 
LEMMA 3. Let k be a CM-field and 4 the homomorphism A; + Ak, 
induced by the canonical injection from the ideals of k into the (invertible) 
ideals qf k, . Then 
KerqS= {I}, if p>2, 
(Ker 9)” = { 1 ), if p=2. 
Proof This fact is well known in the case p > 2 (cf. [S, 13]), so that we 
assume p = 2. Let n be any positive integer, k’ the intermediate field of 
k,/k such that [k’: k] = 2”, and 4’ the homomorphism A; -+ A; induced 
by the canonical injection from the ideals of k into those of k’. It suffices to 
show that 
(Ker 4’)” = ( 1). 
Let (r be a generator of Gal(k’/k) and W the group of roots of unity [ in k’ 
with 2-power order such that NX-,Jl) = 1. For each class c in (Ker &)2, 
take an ideal a in c. There exists then an element a in k’ generating a: 
a = (a). Letting c correspond to the class of a’-” in the factor group 
WE:,-“/EL,-“, we obtain, as in [13], an injective homomorphism 
(Ker d’)‘-+ WEL,-“/E:-“. 
It is easy to see Wz G EL,-“, which now proves the lemma. 
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LEMMA 4. Let K be a cyclotomic field with conductor divisible by odd 
primes I and q, with q = 1 (mod 1). Then there exists a subgroup of Ck-j 
isomorphic as a group to 
here CO = 2 or 4 according as q = - 1 or 1 (mod 4). 
Proof (see also [ 1 I). Let o be the integer ring of K,, S the group of 
principal ideals of K,, and S, the group of principal ideals (CL) = CLO of K, 
such that c( = 1 (mod q). As each class of S/S, contains an element in o 
prime to q, we have an exact sequence of J-modules 
i I>--+ E,,IE, --, (olqo) x -+ WC, + { I>> (1) 
where E, is the group of units = 1 (mod q) in o. Let o + denote the integer 
ring of M,+. Since q is completely decomposed in K,, it follows that 
((o/qo)x)‘+‘= (o+/qof)X, ((o/go)“)‘-‘=((o/qo)“)-, and hence that 
((o/qo)“)- r(Z/(q- l)z!)(‘P’)‘2 as abelian groups. We then obtain from 
(1) an exact sequence 
{ 11 -+ (E,,IE, 1~~ -+ ((o/go)“) + (S/S 4 )I-’ + (11. 
Note here that ((E,,/E,)) )’ is a cyclic group of order 1. Consequently, 
there exists a subgroup H of (S/S,)’ -’ such that 
Now, let L be the Hilbert class field over K, and F the Strahl class field 
(mod qo) over W,. By class field theory, 
Gal(F/L) z S/S,, Fz LD6, = L&. (2) 
Let 8 be any prime ideal of lK,q dividing q, and q the prime ideal of H, 
divisible by Q. As q is completely decomposed for K,/UJ and tamely 
ramified in F, the ramilication index of q for F/K, is a divisor of q - 1. 
Therefore it follows from q = QYP ’ that Q is unramilied in F. This implies 
that F is an unramilied abelian extension over K,; since F/[Mly is 
unramified outside q. Class field theory then shows that Gal(F/K,,,) is a 
homomorphic image of a J-module C,,q and that NKIKr induces a surjective 
homomorphism C, + C,, . In particular, Gal(F/K,,)‘--’ is a homomor- 
phic image of Ck-,-l. We also see that 
[Gal(F/K,)’ -‘: Gal(F/K,,)’ -‘] = 1 or 2. 
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Indeed Gal(F/K,)’ -j/Gal(F/;lw,,)’ -j is a homomorphic image of the cyclic 
group Gal(D6,q/K,) while Gal(F/K,)‘-j is contained in Gal(F/K,,) and 
hence in Gal(F/(M,,)-. Furthermore, by (2), 
(S/S,)‘-jz Gal(F/L)‘-‘c Gal(F/Od,)‘-j. 
Thus the existence of H completes the proof of Lemma 4. 
For any groups G, and G,, we write G, 4 G, if there exists an injective 
group homomorphism of G, into G,. By means of Lemmas 3, 4, we can 
prove Corollary 1 as follows. Let V be the product of all primes in P and 
C” the set of cyclotomic fields k satisfying (Z/4V’Z)N 4 C’-j. For any prime 
number I >, 2N + 1, we let C;l= C” AC,, where C, denotes the set of 
cyclotomic fields with conductor divisible by 1. Then we can see that 
IC,(x)l - lC;‘(x)l = 0 ( (log x;L,s,8,y,, 1 as .x-+w; 
because, by Lemma 4, the left-hand side of the above is at most equal to 
the number of positive integers d x/l not divisible by any prime number 
=_ 1 (mod 8/V). Hence 
d(C;‘) = d(C,) =f. (3) 
On the other hand. 
C\C”C n (c\c;‘) 
/Sk 
for sufficiently large y > 0, with 1 running over the prime numbers such that 
2N+ 1 ,<l<y. It follows from (3) that d(n[,,. (C\Cp)) is defined and that 
Therefore d(C\C”) =O, namely, d(C)= 1. Since C” CC’ by [3] and 
Lemma 3, we again obtain 
d(C’) = 1 
as desired (this can be also shown by using Kida’s formula instead of 
Lemmas 3, 4: [19]). 
According to the above proof, Lemmas 3, 4 also provide the following: 
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COROLLARY 2. Let M be any finite abelian group and C- the set of 
cyclotomic fields k for which Mcri CF. Then 
d(C)= 1. 
Remark 3. With A4 as in Corollary 2, let C+ denote the set of 
cyclotomic fields k for which MG C,+. Then [4] teaches us that 
d(C+)= 1. 
2 
In general, for each finite algebraic number field L, we denote by R, the 
regulator of L and by W, the group of roots of unity in L. 
Let K be a CM-field and q a prime number. Assume that K is a Galois 
extension over its subfield k, with Gal(K/k) isomorphic to an elementary 
abelian q-group of rank p B 1. Let U= (qp - l)/(q- 1) and let k,, . . . . k, 
be the intermediate fields of K/k with degree q over k. If qfp, 
then Gal(K,/k,) z Gal(K/k) or, equivalently, [K, : k,] = [K: k]. For 
simplicity, we also assume that [K, : k,,] = [K: k] if q =p. Let n be any 
non-negative integer and F the intermediate field of k,/k with degree 
p” over k. Further, we let F, = k, F, . . . . F, = k,F. Of course (F,), = 
(ki), 3 k, = F,,, for every in { 1, . . . . u}. It then follows from [lS] that 
hcKF,+ RcKF,+(hF+ RF+ )“- ’ = fi (h,,’ RF; ), 
r=l 
and therefore that 
(4) 
Here, for each j-held L, QL denotes the index in E, of the composite group 
W,E,+, which is known to equal 1 or 2. Comparing the p-parts of both 
sides in (4), we can conclude from Iwasawa’s class number formula (cf. 
[lo, 111) that the value 
cl,(W+b-G;(k)- f p; (ki) 
i= 1 
+ n A;(K)+(u-l)A;(k)- 2 21, (ki) 
i= I 
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is bounded as n ranges over all nonnegative integers. Consequently, 
In particular, we have 
LEMMA 5. Let K be a CM-field which is a Galois extension over its 
totally real subfield k, with Gal(K/k) isomorphic to an elementary abelian 
2-group of rank p. Let t = 2p-’ and let k,, . . . . k, be the imaginary quadratic 
extensions over k in K. Assume that [K, : k ,] = [K: k] (if p = 2). Then 
P; (4 = i p, (k;), A;(K)= i i,(k,). 
i= 1 ,=I 
We shall now prove the following 
THEOREM 2. Let P be any finite set of prime numbers. Then there exists 
an infinite set Q of imaginary quadratic fields such that, given any positive 
integer n, 
E.,; (K) >, 2n, s,(K) = 0 
for every prime v in P and for every compositum K of n distinct quadratic 
fields in Q. 
Proof. Let Q be the set of imaginary quadratic fields k in which all 
primes of P remain prime and for which (Z/4&?)’ 4 Ck, where V is the 
product of all primes in P. By Theorem 2 of [IS], Q is an infinite set. Let n 
be any positive integer. Take n distinct quadratic fields k, , . . . . k, in Q, and 
let K be the compositum of them: K = k, . . . k,. It then follows that 
s,(K) = 0 for any u E P, since every prime of K+ over v remains prime in K 
and is totally ramified in (K’),. Furthermore Lemmas 3, 5, together with 
[3], show that 
2, (K) 2 i n”(ki) > 2n, VEP. 
i= 1 
Theorem 2 is therefore proved. 
For each x > 0, let 52, denote the compositum of all imaginary quadratic 
fields with conductor d x. Then: 
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PROPOSITION 1. A;(sZ,) -s,(sZ,) -+ IKJ as x -+ co. 
ProoJ: We may assume that x 3 8, namely, 52,~ a.P(fi, ,‘-2). Let 
Sz: denote the inertia field of p for ~,/QJJ, so that s,(PL) = s,(sZ,). Hence, 
by Lemma 5, 
1; (f&Y) - S,v?~) 2 q(Q:) - s,(W = 1 &(W + Ck’(qk’) - 11, 
k 
where k ranges over the imaginary quadratic sublields of 0, in which p 
remains prime, and k’ over the imaginary quadratic subfields of 52, such 
that p is decomposed in k’ and so i,(k’) > 1. The proposition now follows 
from the proof of Theorem 2. 
Remark 4. For every x > 4p, 
s,(Q,) = a[%: Ql if p > 2, 
= $[a.,: Q] if p = 2. 
3 
Let us define a finite set of positive integers by 
.S={a+(p-1)b)a,bEZ;1~a~p-2,O~b<a-1}. 
Note that ISI = f(p - 2)(p - 1). In particular, S is empty if and only if 
p ~2. We are somewhat interested in this set S because of the following 
propositions. 
PROPOSITION 2. Let K be an imaginary abelian field. If p divides 
[K,: O,], then I;(K) is not any integer in S. 
Proof: We may assume that p > 2. Since p divides [K, : Q,], there 
exists a finite prime of K, whose ramification index for K,/Q, is divisible 
by p. Let q be a prime number above which such a prime lies, so that q s 1 
(modp). Let T be the inertia field of q for K/Q and k an intermediate field 
of K/T such that [K: k] =p. It then follows from [ 131 that 
n,(K)=p~,(k)+(p-l)(u-6), (5) 
where u is the number of primes of (k + ), ramified in (K+ ), and decom- 
posed in k,, with 6 = 1 or 0 according as k 2 [M,, or not. Let Q be any 
prime of (k+),, lying above q. Since q is completely decomposed in K,, Q 
is decomposed in k, if k 2 06,. Consequently, u - 6 2 0 and, by (5), A;(K) 
is a sum of a non-negative multiple of p and that of p - 1. This means that 
A;(K) is not contained in s. 
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PROPOSITION 3. Let p > 2 and let m be a non-negative integer d p - 2. 
Assume that there exists an imaginary abelian field k with the following 
properties: 
(i) i;(k) = m, 
(ii) k + is a cyclic field, 
(iii) k n 06, = Q, and k contains an imaginary quadratic field, 
Then, for every positive integer n z m (mod p - 1) not in S, there exist 
infinitely many imaginary abelian fields K containing k such that 
2; (K) = n, [K: k] =p. 
Proof. DefinebEZbyn=m+(p-l)b,sothatb>msincenisnotin 
S. By Proposition 2, [k: k n O,] is prime to p. As k, n D6, = Q, we can 
take a prime number q = 1 (modp) such that qp-’ f 1 (mod p*), no prime 
of k+ above q is decomposed in k, and hence the decomposition field of q 
for k, /Q is contained in k+. In the case b = m, let K be the compositum of 
k and the cyclic field of degree p with conductor q; [K: k] =p. We then 
obtain from [13] that 
2; (K) = pm = n. 
Assume now that b > m. Let k, be an imaginary quadratic field contained 
in k. We take (b-m) distinct prime numbers ql, . . . . qb-,,, which are 
decomposed in both k, and K,, undecomposed in k +, and satisfying 
q;- ’ & 1 (mod p’), . . . . q9-A f 1 (modp’). 
It follows that ql, . . . . qb-,,, are undecomposed in (k+ ), but that all their 
prime divisors of (k + ), are decomposed in k, . Let K be a compositum of 
k and a cyclic field of degree p with conductor q, . . . qb _ m. Then, again by 
[13], we have 
J;(K)=pm+(p- l)(b-m)=n. 
Thus Proposition 3 is proved. 
Remark 5. We see easily from [2] or [ 121 that, given any non-negative 
integer n, there exist infinitely many imaginary quadratic fields k for which 
I?(k) = n. 
THEOREM 3. Assume that p > 2 and that n is a nonnegative integer 
divisible by p - 1. Then there exist infinitely many imaginary cyclic BeIds K 
such that 
A, (K) = n, [K: a] = 2p. 
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Proof: By Proposition 3, it suffices to show that there exists an 
imaginary quadratic field k for which i,(k) = 0 and k A 06, = Q. 
Let r be a positive integer <p, with (-r/p) = - 1. We put k = Q(G), 
so that p remains prime in k and k n K, = Q. Furthermore, 
h,<r<p 
follows from the analytic class number formula. In particular, h, is prime 
to p. We then have by [9] I,(k) =O, which completes the proof of the 
theorem (see also [S]. Actually there exist infinitely many imaginary 
quadratic fields k with A,(k) = 0). 
Ifp=3, then S={l >. In the tables of [6], however, we can find some 
imaginary quadratic fields k with I,(k) = 1. Obviously, such fields have the 
properties (i), (ii), and (iii) in Proposition 3 for the case where p = 3 and 
m = 1. Therefore, for each non-negative integer n # 1, the proof of 
Proposition 3, together with that of Theorem 3, enables us to construct 
infinitely many imaginary cyclic fields K of degree 6 with A,(K) = n. 
Let us next consider the case where p = 5 so that s = { 1,2, 3,6, 7, 11). 
Viewing [6] again, we have i,(Q(fi))= 1, A,(Q(fl))= 
i,(Q(&%)) = 1.,(Q(,/z)) = 2, and 1,(Q(dz)) = 
1,(Q(,/m)) = 3. These examples show, as in the case p = 3, not only 
that the assumption of Proposition 3 is satisfied for every m E (1, 2, 3) but 
also that, for each non-negative integer iz 4 (6, 7, 11 }, there exists an 
imaginary cyclic field K of degree dividing 10 with ;1, (K) = n. Furthermore, 
by Lemma 5,1.,(Q(&?%?, Jm))=6. Now, let F= Q(fi, J’-ll, 
m), F’= Q(,/-11, m* ,,/-), and K’ = FF‘. The prime p = 5 
is decomposed in the quadratic subfield k = Q(ji-1496) of K’. Let p be a 
prime ideal of k dividing 5. Then hk = 28 and p14 is a principal ideal of k 
generated by tx = 25303 + 1911 &i%% or cx’= 25303 - 1911 ,/r-1496. 
Since (~1 +cx’)~- 1 = 20 (mod 25) it follows from [S] that I,(k) = 1. 
Similar calculations show that J,(Q &!%)) = iJQ(jr-264)) = 
&(Q(Jm)) = 1 (cf. also [6]). Hence, by Lemma 5, we have 
i,(F)=&(Q ~))+n,(o(,:i-11))+n,(o(~)) 
+ l,(Q(&%i)) = 6, 
A;(F) = &(Q(JTl)) + 3.,(Q(,:r-51)) + &(Q(&iG)) 
+ A,(Q(\x-i)) = 7, 
A,(K) = l,(F) + &(Q(,/=)) + A,&&/=)) 
+ ;1,(cP(J~)) + A,(Q(JZ)) = 11. 
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We touch upon the case p = 7. In this case, the assumption of 
Propositon 3 is still satisfied, by [6], for every m E { 1, 2, 3,4, 5). In fact, 
we find 
j.,(O(JTi)) = 1, n,(a(&m)) = 2, l.,(O(&i?i,) = 3, 
and therefore 
In the case p 3 11, the examples of [6] are no longer sufficient to con- 
tinue the above observation. Nevertheless we expect that the assumption of 
Proposition 3 is always satisfied, with k an imaginary quadratic field. 
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